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1. Introduction and preliminary results
Through this paper, Lie algebras are considered over a ﬁxed ﬁeld Λ and [ , ] denotes their Lie
product.
First, we begin this section by introducing notations and recalling some deﬁnitions which are being
used in this paper. Let L be a Lie algebra over the ﬁeld Λ and M be an L-module. Recall that n-th
cohomology group and n-th homology group of the Lie algebra L with values in M are deﬁned as
Hn(L,M) = ExtnUL(Λ,M), Hn(L,M) = TorULn (M,Λ), n = 0,1,2, . . . ,
respectively, where UL is the universal enveloping algebra of L and Ext and Tor are derived functors
of Hom(−,−) and − ⊗ −, respectively. For more details see [8] and [7]. In a special case, if Λ is
considered as a trivial L-module,
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are called n-th homology group and n-th cohomology group of L, respectively. It is a well-known
fact (see [3]) that we can derive cohomology groups of L with values in M from cohomology groups
of Chevalley–Eilenberg complex (Cn(L,M),dn), where Cn(L,M) is the space of all skew-symmetric
n-linear maps from n copy of L to M and dn : Cn(L,M) → Cn+1(L,M) is the boundary map deﬁned as
dn f (x1, . . . , xn, xn+1) =
n∑
i=1
(−1)i+1xi f (x1, . . . , xˆi, . . . , xn+1)
+
∑
i< j
(−1)i+ j f ([xi, x j], x1, . . . , xˆi, . . . , xˆ j, . . . , xn+1
)
where xi ∈ L and the symbol ˆ means that the relevant argument is deleted. As usual, kerdn and
Imdn−1 are denoted by Zn(L,M) and Bn(L,M), and called n-th cocycle and n-th coboundary, respec-
tively.
The following result from [2] gives a condition for the universal enveloping algebra of a Lie algebra
in order to be Noetherian.
Lemma 1.1. If L be a ﬁnite dimensional Lie algebra over the ﬁeld Λ, then the universal enveloping algebra of L
is Noetherian.
The next two lemmas are required to prove our ﬁrst preliminary results. The proof of lemmas can
be found in [7].
Lemma 1.2 (Higher Evaluation). Let R and S be two rings where R is Noetherian. Also, R A, R B S and CS are
arbitrary modules where A is ﬁnitely generated and C is injective. Then for every n 0
TorRn
(
HomS(B,C), A
)∼= HomS
(
ExtnR(A, B),C
)
.
Lemma 1.3 (Higher Adjointness). Let R and S be two rings. Also, R A, R B S and CS are arbitrary modules which
C is injective. Then for every n 0
HomS
(
TorRn (A, B),C
)∼= ExtnR
(
A,HomS(B,C)
)
.
Using above lemmas, we can show the duality relation between the concepts of homology and
cohomology in the following proposition.
Proposition 1.4. Let L be a Lie algebra and M be a trivial L-module. Then for any n 0
Hn
(
L,M∗
)∼= Hn(L,M)∗, Hn(L,M)∗ ∼= Hn
(
L,M∗
)
,
where M∗ is the dual space of M. In particular, if L is a Lie algebra such that UL is a Noetherian algebra (e.g.
L is a ﬁnite dimensional Lie algebra), then Hn(L) ∼= Hn(L) as Λ-modules.
Proof. By setting R = UL, A = C = S = Λ, and B = M in the previous lemmas the result is ob-
tained. 
In the following, we recall from [4] the notion of the non-abelian exterior product of Lie algebras.
Let K1 and K2 be ideals of a Lie algebra L. The non-abelian exterior product K1 ∧ K2 is the algebra
generated by the elements m ∧ n with (m,n) ∈ K1 × K2, subject to the relations
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(
m +m′)∧ n =m ∧ n +m′ ∧ n, m ∧ [n,n′]= [n′,m]∧m − [m,n] ∧ n′,
m ∧ (n + n′)=m ∧ n +m ∧ n′, x∧ x = 0,
for all x ∈ K1 ∩ K2, c ∈ Λ,m,m′ ∈ K1 and n,n′ ∈ K2. This algebra has a Lie algebra structure by con-
sidering the following,
[
(m ∧ n), (m′ ∧ n′)]= [m,n] ∧ [m′,n′].
A more general construction of L1 ∧ L2 for arbitrary crossed L-modules L1 and L2 is given in [4]. Note
that any Lie algebra L can be considered as an ideal of itself, therefore the exterior product L ∧ L
can always be constructed. The commutator map [ , ] : K1 ∧ K2 → L is the Lie homomorphism deﬁned
on generators by m ∧ n 
→ [m,n]. This homomorphism is readily seen to have image [K1, K2], and its
kernel is a central ideal of K1 ∧ K2.
2. Extended sequence by non-abelian exterior product
Let L be a Lie algebra, K be an ideal of L and M be a trivial L-module. The exact sequence of low
degree terms in the Hochschild–Serre spectral sequence for cohomology of Lie algebras states that
0→ Hom(L/K ,M) Inf−→ Hom(L,M) Res−→ HomL(K ,M) Tra−→ H2(L/K ,M) Inf−→ H2(L,M). (1)
(See [8] for more information.) In this section, we extend the sequence (1) one term further and some
facts about this sequence will be obtained.
The following theorem is a generalization of the famous theorem of Schur (1904) in group the-
ory that determines the image of transgression map for central subgroups of a ﬁnite group (see [5]).
P. Batten in her dissertation [1], obtained a similar result to Schur for central ideals of a ﬁnite dimen-
sional Lie algebras.
Theorem 2.1. Let K be an ideal of a Lie algebra L and M be a trivial L-module. Then Hom((L2 ∩ K )/[K , L],M)
is isomorphic to the image of the transgression map Tra : HomL(K ,M) → H2(L/K ,M).
Proof. Let 0 → K → L → L/K → 0 be the natural exact sequence. Using (1), we have the following
exact sequence:
Hom(L,M)
Res−→ HomL(K ,M) Tra−→ H2(L/K ,M). (2)
Set X be the image of the restriction map, i.e. X is all L-morphisms f : K → M that can be extended
to a Lie homomorphism f ′ : L → M , where M is considered as an abelian Lie algebra. We ﬁrst prove
that
X = { f ∈ HomL(K ,M)
∣∣ K ∩ L2 ⊆ ker f }.
It is obvious that if f ∈ X then due to the fact that M is abelian we have K ∩ L2 ⊆ ker f . Conversely,
if f ∈ HomL(K ,M) such that K ∩ L2 ⊆ ker f then f induces a homomorphism f ′ : K/(K ∩ L2) → M .
By the projective property of Λ-modules, f can be extended to a homomorphism f ′′ : L → M . Hence,
we obtain the following exact sequence:
0→ X → HomL(K ,M) → HomL
(
K ∩ L2,M)→ 0.
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Im(Tra) ∼= HomL(K ,M)/ker Tra∼= HomL(K ,M)/ Im(Res) ∼= HomL
(
K ∩ L2,M).
Now by the equality of HomL(K ∩ L2,M) = Hom((K ∩ L2)/[K , L],M), the result is achieved. 
Corollary 2.2. Let L, K and M be as in Theorem 2.1. Then the transgression map is surjective if and only if
H2(L,M) ∼= Hom((L2∩ K )/[K , L],M). In particular, ifH2(L/K ) = 0 thenH2(L) ∼= Hom((L2∩ K )/[K , L],Λ).
Corollary 2.3. Let K be an ideal of a ﬁnite dimensional Lie algebra L, then the image of Tra : HomL(K ,Λ) →
H2(L/K ) is isomorphic to (L2 ∩ K )/[K , L].
In the case that L is a Lie algebra and K is a central ideal of L, similar to works of Read [6] in
group theory, Yankosky [9] deﬁned a homomorphism δ : H2(L,Λ) → L/L2 ⊗ K and proved that the
sequence
0 → Hom(L/K ,Λ) Inf−→ Hom(L,Λ) Res−→ Hom(K ,Λ) Tra−→ H2(L/K ) Inf−→ H2(L) δ−→ L/L2 ⊗ K ,
is exact. The following theorem, for an arbitrary ideal K of a Lie algebra L (not necessarily central)
extends the result of Yankosky.
Theorem 2.4. Let L be a Lie algebra, K be an ideal of L and M be a trivial L-module. Then the following
sequence is exact:
0 → Hom(L/K ,M) Inf−→ Hom(L,M) Res−→ HomL(K ,M)
Tra−→ H2(L/K ,M) Inf−→ H2(L,M) δ−→ Hom(ker(L ∧ K [ , ]−→ [L, K ]),M).
Proof. Let α ∈ Z2(L,M) be an arbitrary cocycle, then for any x ∈ L and y ∈ K deﬁne θ : Z2(L,M) →
Hom(ker(L ∧ K → [K , L]),M) with
θ(α)(x∧ y) = α(x, y).
Then θ is a linear map and satisﬁes the relations of the deﬁnition of exterior product. Since for all
x1, x2 ∈ L and x3 ∈ K
θ(α)
([x1, x2] ∧ x3
)= α([x1, x2], x3
)= −α([x3, x1], x2
)− α([x2, x3], x1
)
= θ(α)(x2 ∧ [x3, x1] + x1 ∧ [x2, x3]
)
,
θ(α)(x1 ∧ x1) = α(x1, x1) = 0.
The other conditions can be checked similarly. On the other hand, if α ∈ B2(L,M) then for some linear
transformation β : L → M , α(x1, x2) = x1β(x2)− x2β(x1)−β[x1, x2]. Since [x, y] = 0 for all x ∈ L, y ∈ K
with x∧ y ∈ ker(L ∧ K → [L, K ]), then we have
θ(α)(x∧ y) = xβ(y) − yβ(x) − β[x, y] = 0.
Hence θ induces the map δ : H2(L,M) → Hom(ker(L ∧ L → [L, K ]),M).
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α + B2(L,M) is in the image of the inﬂation map, i.e. α + B2(L,M) = Inf(β + B2(L/K ,M)) for some
β ∈ Z2(L/K ,M), so for x ∈ L, y ∈ K ,
δ(α)(x∧ y) = α(x, y) = infβ(x, y) = β(x+ K , y + K ) = 0.
Therefore Im Inf ⊆ ker δ. Now, let α ∈ Z2(L,M) such that α + B2(L,M) ∈ ker(δ). So if x ∈ L, y ∈ K then
0= δ(α)(x∧ y) = α(x, y). Also by the anti-symmetric property of cocycles, it follows that α(y, x) = 0.
Now, deﬁne β : L/K × L/K → A by β(x1+K , x2+K ) = α(x1, x2). In order to see that β is well-deﬁned,
let x′1 + K = x1 + K and x′2 + K = x2 + K . So x1 = x′1 + b and x2 = x′2 + c, for b, c ∈ K . Then we have
β(x1 + K , x2 + K ) = α(x1, x2) = α
(
x′1 + b, x′2 + c
)
= α(x′1, x′2
)+ α(b, x′2
)+ α(x′1, c
)+ α(b, c)
= α(x′1, x′2
)= β(x′1 + K , x′2 + K
)
.
It is readily checked that β satisﬁes the cocycle condition. Therefore, β ∈ Z2(L/K ,M) and by the
deﬁnition of inﬂation map, α + B2(L,M) = Inf(β + B2(L/K ,M)). Hence, ker(δ) ⊆ Im(Inf). 
Finally, we are able to prove the following corollaries.
Corollary 2.5. Let L be a ﬁnite dimensional Lie algebra, K be an ideal of L and δ : H2(L,M) → Hom(ker(L ∧
K → [L, K ]),M) be as in Theorem 2.4. Then the following conditions are equivalent:
(a) δ is a trivial map,
(b) dim(H2(L)) = dim(H2(L/K )) − dim((K ∩ L2)/[L, K ]).
Corollary 2.6. Let L be a ﬁnite dimensional Lie algebra and K be an ideal of L. Then Inf : H2(L/K ) → H2(L) is
a trivial map if and only if L2 ∩ K = [L, K ].
3. Final term and free presentation
Let L be a Lie algebra and M be a trivial L-module. In this section, we obtain a ﬁnal term for the
spectral sequence of L. Recall that the Hopf formula for the second homology group of a Lie algebra
(see Chapter 7 of [8]) states that if L is a Lie algebra with arbitrary free presentation L = F/R , then
H2(L) ∼= F
2 ∩ R
[R, F ] .
Theorem 3.1. Let L be a Lie algebra and L = F/R be a free presentation of L. Also Let K be an ideal of L and
for suitable ideal S of F , K = S/R. If M is a trivial L-module then the following sequence is exact:
0 → Hom(L/K ,M) Inf−→ Hom(L,M) Res−→ HomL(K ,M)
Tra−→ H2(L/K ,M) Inf−→ H2(L,M) → Hom((R ∩ [F , S])/[F , R],M)→ 0.
Proof. First, we note that by setting R = UL, A = B = S = Λ, and C = M in Higher Adjointness lemma,
and using the Hopf formula and our conditions we have
H2(L,M) ∼= Hom(H2(L),M
)∼= Hom((F 2 ∩ R)/[F , R],M).
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induced from natural maps
0→ R ∩ [F , S][F , R] →
F 2 ∩ R
[F , R] →
F 2 ∩ S
[F , S] →
(F 2 ∩ S) + R
[F , S] + R → 0.
Since all terms of the above sequence are abelian Lie algebras, by applying exact functor Hom(−,M)
to the above sequence, we get the following exact sequence
0→ Hom((L2 ∩ K )/[L, K ],M)→ Hom((F 2 ∩ S)/[F , S],M)
→ Hom((F 2 ∩ R)/[F , R],M)→ Hom((R ∩ [F , S])/[F , R],M)→ 0.
Hence, Theorem 2.1 concludes the desired result. 
Corollary 3.2. Let L be a Lie algebra with free presentation L = F/R and K = S/R be an ideal of L. Also, let
Inf : H2(L/K ) → H2(L) be the inﬂation map. Then Inf is a surjective map if and only if R ∩ [F , S] = [F , R].
The following corollary is analogous to a result of Tahara (see Theorem 2.2.5 of [5]) for cohomology
of semidirect sum of groups in the case of Lie algebras.
Corollary 3.3. Let L = F/R be a Lie algebra that is a split extension of an ideal K1 = S/R by a subalgebra K2 .
Then for any trivial L-module M, we have
H2(L,M) ∼= H2(L/K ,M) ⊕Hom((R ∩ [F , S])/[F , R],M).
Proof. Since L = K1  K2 then L2 ∩ K1 = [L, K1], and by Theorem 2.1, the inﬂation map is monomor-
phism. Now using Theorem 3.1, the following split extension of abelian algebras is obtained:
0→ H2(L/K ,M) → H2(L,M) → Hom((R ∩ [F , S])/[F , R],M)→ 0,
which completes the proof. 
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